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rj ■ Abstract 

O^' A curved static de Sitter-like metric is analyzed. The source of curva- 

t . , ture is rooted from a constant stress tensor with positive energy density 

{3JQ' and negative pressures. All the curvature invariants are constant every- 

where and the geometry is conformally flat. The horizon surface gravity 
equals the parameter u from the metric that is also interpreted as an an- 
gular velocity. The Tolman-Komar gravitational energy is investigated. 
VQ , One finds that the horizon entropy satisfies the relation S — Ah/ 4:, as for 

QQ ■ the black hole horizon. 

m 
.• ■ 1 Introduction 

pf-\ , The observed accelerating expansion (at an increasing rate) of our universe is 

consistent with a positive cosmological constant A « 10^^^'^ in Planck units. 
There is considerable evidence that our universe is asymptotically de Sitter 
[11 [5] (A > 0). According to Padmanabhan, the expansion of the universe 
(viewed as an emergence of space) is driven towards holographic equipartition 
when it becomes de Sitter and the holographic principle may be written as 
Nsur = Nbuik [I] {Nsur IS the number of degrees of freedom (DOF) on the 
Hubble surface of radius H^^ and N^uik — Sji^l/fesT is the number of DOF 
which are in equipartition at the horizon temperature T — H/2tt if \E\ is taken 
to be the Tolman-Komar (TK) energy [3j). 

Because of the negative pressures, the TK energy of the de Sitter universe 
is negative (we remind that the energy density and pressures contribute in the 
same manner in the expression of the gravitational energy). Thanks to the 
vanishing of the timehke Killing vector at r = H^^, the de Sitter horizon is 
endowed with a temperature given by T = H/2n and an entropy S = Ah/4 = 
ttH-^, so that \E\ = 2TS = H"^. 

We investigate in this work a curved space with cylindrical symmetry to 
which the z = const surface is equivalent with the equatorial plane 9 — tt/2 
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for the de Sitter space in its static coordinates. We found that the source 
of curvature is an anisotropic fluid with positive constant energy density and 
constant negative pressures. As for de Sitter geometry, the TK energy is negative 
and the relation |^| = 2TS is satisfied. Even though our spacetime has no 
spherical symmetry, the entropy is given by one quarter from the horizon area 
and the equation Nsur = N^uik is obeyed. 

The units are chosen such that c = G = ks = h = 1. 

2 Anisotropic stress tensor 

We propose the de Sitter-like metric with axial symmetry to be given by 

ds" = -(f - L0\^)de + -^^ + dz2 + ^2 ^^2 (2.1) 

1 — Lo^r^ 

where {t,r,z,(j)) are the usual cylindrical coordinates, oj is a positive constant 
and r < l/w. To be an exact solution of Einstein's equation Gab = SirTab, the 
following (diagonal) stress tensor is to be put on its r.h.s. 

* — w^ — oj^ —3uj^ J, —up' 

(2.2) 
(all the other components are vanishing). We observe that T^ (a, 6 = 0, 1, 2, 3) 
is not of A - form (no Lorentz invariance) due to the Pz pressure which is not 
equal with p^ or -p^. Strictly speaking, T^ cannot be Lorentz invariant (in spite 
of its constancy) because of the preffered location of the z - axis. Not only T^ is 
finite everywhere but also the curvature invariants R"'^ — 6"^^, R°'^Rab = 12a;'* 
and the Kretschmann scalar R"''"^'^ Rabcd — I2uj'^. It is worth noting that the 
Weyl tensor Gabcd = 0, so the metric (2.1) is conformally-flat. This is not trivial 
even though the de Sitter space is also conformally-flat, in its time-dependent 
version. The usual coordinate transformation [1] 

ze"'^*, t = t + —ln{l - uj^r^) (2.3) 



y/1 -u?r'^ 2a; 

cannot bring the metric (2.1) in the well-known time dependent (comoving) 
de Sitter form (and, further, in its conformally flat form) because of the ax- 
ial symmetry of the former (we see that lo plays here the role of the Hubble 
constant). 

As for the dc Sitter geometry the metric (2.1) is endowed with an event 
horizon at th = 1/a;. The horizon represents a surface of a cylinder with the 
radius rn and length, say, Az = zi — z\. Its area is 27rr/f Az — (27r/a;)Az, if we 
take z £ (zi, 22)- The area is, of course, infinite if z span the entire z - axis. 



3 Congruence of static observers 

Let us consider now a congruence of static observers given by the velocity vector 
field 

The acceleration 4- vector appears as 

a'' = u"Vaw'' = (0,-wV,0,0) (3.2) 



with y'a'^ai, — to'^r/y/l — w^r^. Since a^ = —uj'^r is negative, the field is repul- 
sive (to maintain ourselves at a static position one has to accelerate towards the 
z-axis). Using (3.2) we could compute now the surface gravity k on the horizon. 
We have 

K = ^/a''ab \/-gtt\H = w, (3.3) 

so that one possible meaning of lo may rely on the horizon surface gravity. In 
that case, for example, p becomes proportional to an acceleration squared, a 
natural interpretation in Newtonian gravity. 

We might also associate an Unruh temperature T = uj jln to the horizon 
th = l/w. It can be written as, including fundamental constants, fc^T — huj J^-k, 
whence w may be interpreted as a mean frequency and fc^T as a mean energy 
per particle from the Unruh radiation. 

We could also consider uj to be an angular velocity. We cojecture therefore 
that the spacetime (2.1) corresponds to an uniformly rotating observer, with 
the constant frequency w (for example, an observer fixed on some rigid disk 
with radius r < l/w). In other words, a curved geometry is generated by 
rotation, the source of the field being given by the stress tensor (2.2). Hence, 
the metric viewed by a uniformly rotating observer cannot be obtained from 
the Minkowski metric by a coordinate transformation. Padmanabhan [6] has 
noticed that gauge degrees of freedom (DOF) are upgraded to true (physical) 
DOF by infinitesimal coordinate transformations. We assume a similar effect 
takes place in our situation: physical DOF are created by rotation so that we 
find in a bath of constant classical energy density p spread everywhere, like a 
cosmological constant. We mention also an analogy with the Unruh effect where 
particles are generated out of vacuum due to the accelerated motion. 

The fact that the parameter uj may be considered as a frequency of rotation 
can be justified as follows. From (2.1) we have 

-l^-{l-Lu^r^)P + - +z^+r^(j,-^ (3.4) 

1 — w^r^ 

where t = dt/dr, etc., t being the proper time. Take now a test particle at 
r = vq = const., z — const.. Eq. (3.4) yields now 

-l = -{l-oj^rl)P + rl<j>^ (3.5) 



Cylindrical symmetry and the static character of the metric (2.1) gives us 

where E > and L are, respectively, the energy per unit mass and the angular 
momentum per unit mass of the test particle. From (3.5) and (3.6) one obtains 

1 = -1 — + - (3.7) 



which yields 



1 - Lo^r^ 
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(3.8) 



It is known that _B = 1 for the black hole geometry corresponds to a particle 
dropped from infinity with zero velocity into the black hole 0. In our case 
"near infinity" means "far from the horizon". We put therefore i<^ = 1 in (3.8) 
to obtain 

^2^2 2^2 

:; 2^ ~ ~2" (3-9) 

1 — w^rp Tq 

Taking now wrg << 1, we get L = tur^ which shows lu is the angular velocity of 
the test particle describing a circular trajectory of radius rg . 

4 The Tolman-Komar energy 

Let us find now the Tolman-Komar gravitational energy [3l [5] for the spacetime 
(2.1) 

W = 2 ({Tab - ^gabT)u''u'N^d^x, (4.1) 

where N = y^—gtt = vl — uj^r^ is the lapse function and 7 is the determinant 
of the spatial 3-metric. By means of m*^ from (3.1) and T^ from (2.2), one finally 
obtains 

W = —Az, (4.2) 

where the integral over z is taken for z E (zi, Z2), (p € (0, 2tt) and W gives the 
energy enclosed by a cylinder of length Az and radius r. In terms of pz from 
(2.2), the above expression can be written as W^ = {47r/3)r'^PzAz = — (47r/3)r^cr, 
where PzAz = —a could be taken as a surface pressure (a - the surface tension 
on a tape of radius r and width Az). W is negative due to the negative pressures 
giving their contribution to the total gravitational energy. This is obvious for 
a de Sitter-like spacetime. The result (4.2) is similar with Padmanabhan's one, 
given hy E = —H^B? [5], valid for spherical symmetry (his H is Hubble's 
constant and R - the sphere radius). The differences are rooted from the axial 
symmetry used in our case. W is finite everywhere and on the horizon acquires 
the very simple form W = — (l/2)Az. When the fundamental constants are 



introduced, we obtain Wh = — (c''/2G)Az. The constant force F = —c'^/2G 
appears here as an attractive force due to the horizon itelf. In other words, 
one seems that a^ = —oj^r is negative because the test particle points towards 
the horizon. A similar expression for the above attractive force has been found 
out by Easson et al. [5]. Their entropic force Fr points in the direction of 
increasing entropy or the screen, which in their case is the horizon. It is worth 
to stress that i^ is a radial force because we integrated W w.r.t. r e (0,r/f), 
Az being constant. It is instructive noting that the energy Wh contained in 
the whole cylinder of radius rn and height Az seems to originate from the mass 
M = {c^/2G)Az which leads to Az = 2GM/c^. Namely, Az is equivalent to 
the gravitational radius of the mass M . 

Using the previous expression of the horizon temperature and the thermo- 
dynamic relation |Vl^| = 2TS [3] we may evaluate now the horizon entropy S 

' ' ' .Az-]\h = —Az. (4.3) 



2T \ 2 uj ) ' 2uj 

Keeping in mind that the horizon area is Ah = 27rr//Az = {2'k/llj)Az, one 
obtains S = Ah/ 4:, as for the black hole horizon. Hence, the above result is 
preserved for cylindrical symmetry. 

Keeping in mind that the de Sitter universe is related to expansion and our 
de Sitter-like metric (2.1) to rotation, we may assume that we have here an 
equivalence between expansion and rotation. 

Let us estimate the main physical parameters for lj — Irad/s. The energy 
density becomes p = w^c^/SttG « lO^^erg/cm^, the horizon radius Rh is lo- 
cated at 3.10^°CTO (the "light cylinder" is a true horizon in our situation). For 
the surface gravity we have k — \a^\H = 3.10^^cm/s^ and the horizon tempera- 
ture is T = huj/2nkB « 10~^^K. Being extensive quantities, W and S depend 
also on the values spanned by the coordinate z, i.e. by Az. 

5 Conclusions 

There are experimental evidences that the expansion of our universe is accelerat- 
ing and asymptotically de Sitter. Therefore, we have good reasons to investigate 
further the de Sitter space to find new properties. The r — t part of our metric 
(2.1) is of de Sitter type but, nevertheless, it possesses cylindrical symmetry. 
Its curvature is generated by an anisotropic energy-momentum tensor T°j^ with 
constant energy density and pressures. T"^ is not of the A - form because of 
the symmetry axis and, therefore, it is not Lorentz-invariant. As the de Sitter 
space, our spacetime (2.1) is endowed with an event horizon at th — 1/uj where 
the parameter uj is considered to be a frequency of rotation. 

We found also that the horizon entropy S obeys the equation S — Ah/4:, 
where Ah is the horizon area enclosed by two z — const, planes. The TK energy 
is negative and proportional to r^ but the total energy depends only on Az, the 
interval spanned by the coordinate z. 
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